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•2 Steady state 
or static convergence
In steady state, the ratio of primary deficit to GDP: (Bt*/ Yt)=b and 

the growth rate of the economy in question (g) are constant. In this 

case, the above equation becomes a first-order linear difference 

equation:

Dt/ Yt=b + [(1+r)/(1+g)]( Dt-1/ Yt-1)

It is resolved by recurrence:
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The country can generate constant primary 
deficit provided that long-term GDP growth is higher 
than the interest rate.

If b is positive, that is, if the country structurally generates a primary 

deficit, the debt dynamics only converge if r<g. The critical value, 

i.e. the value on which they converge, is:
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In contrast, where the growth rate is lower than the cost of public 

debt, or where g<r if primary deficit is perpetual, i.e. if b > 0, debt 

is infinite in the long term based on (1). In order for debt to be finite 

in the long term, it is therefore crucial to generate a positive primary 

balance.
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Therefore, a country can only constantly generate a primary defi-

cit if the growth rate is higher than the cost of the debt. The level on 

which debt converges is therefore defined by the following equa-

tion:
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∞ )1(
 (2)

By inverting the above equation, it is also possible to calculate 

the constant primary deficit a country can afford if it wishes to avoid 

its public debt exceeding a certain threshold with respect to GDP, 

such as the 60% threshold stipulated by the Treaty of Maastricht. 

This level is:
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Countries must generate primary structural 
surpluses if growth is lower than interest rates

If the long-term GDP growth rate is lower than interest rates, 

states have a duty to generate primary surpluses to avoid insolven-

cy and ensure that their debt converges on a finite value. Primary 

surpluses are determined by the maximum level of debt that states 

do not wish to exceed.

Based on formula (1), convergence of debt on a long-term finite 

value, or d = Dt/ Yt, requires a primary surplus expressed as e*:

e* = - d
g
gr

d
g
r

d
Y
B

b
t

t )
1
()

)1(
)1(

(*
*

+
−=

+
+−−=−= (3’)



171

Appendices

If debt must be stabilised at a level of d0=D0/Y0, stabilisation 

requires a constant primary surplus of:

E*= (T- G)* = 
01

d
g
gr

+
−

where T and G represent public revenue and spending respec-

tively. We will refer to this as the stabilising primary balance.

In order for states to achieve the goal of E*, they must be able 

to persuade the public of the need to increase the tax burden and/

or cut public spending in proportion to the size of the debt to be 

stabilised, the level of interest rates and negative growth trends.

•3 Debt dynamics and solvency 
threshold of a state

If GDP is constant

In the above model, we estimated the value of primary surplus re-

quired to ensure that the debt/GDP ratio does not exceed an arbi-

trary level expressed by d0 in the long term. However, we do not 

know whether the primary surplus target is difficult to achieve. In 

response to this point, we must compare this target to the maxi-

mum primary surplus that a state is able to achieve and which is 

the difference between maximum tax revenue and minimum public 

spending, expressed as follows:

Emax = (T-G)max=Tmax – Gmin.

The maximum primary balance is dependent on the potential 

growth of a country, which is an essential factor in determining tax 

revenue at a given tax rate. It is also dependent on the culture and 

values of the population in various countries, which determine the 
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maximum tax burden that people are able to accept and the mini-

mal level of public spending demanded by them.

To better understand budget dynamics, we will incorporate an-

other significant parameter: that of rigour in state management of 

public finances. The faster adjustments are made, the more rigor-

ous a state may be considered. This criterion may be represented 

by factor λ rated between 0 and 1 in the following equation, which 

represents budget balance dynamics:

Et – Et-1 = λ (Emax – Et) où 0< λ ≤1

The higher λ is, the larger the adjustments needed between t 

and t-1 in order to achieve Emax and the faster Emax will be achieved. 

In extreme circumstances where λ = 1, the state needs a period 

within which to bring the budget balance to its maximum surplus.

These primary balance dynamics are linked to those relating to 

public debt:

Dt – Dt-1 = rDt-1 – Et

Overall, the dynamic process is as follows:

)( max1

11

ttt

tttt

EEEE

Er  DDD

−=−
−=−

−

−−

λ
To find a solution for this system, it is simpler to switch to con-

tinuous time:

Er  DD −=
•

 (4)

)( max EEE −= λ
•

 (5)

If long-term stability exists, it is finite. In other words, there is a 

public debt value D for which Dt = D at any time t. Based on the 

above equations (4) and (5), we can therefore demonstrate that 

long-term stability is defined as D= Emax/r, the level at which debt 

converges in the long term and, in this case, the state generates 

the maximum primary balance E=Emax.
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This level is expressed as D = Dmax. and the following relation-

ships are expressed:

E=Emax (6)

D= Emax/r (7)

A country is defined by its maximum primary surplus Emax and by 

the coefficient λ expressing cultural and historic rigour in managing its 

public finances. Its budget position is defined by its primary budget 

balance E0 and by its public debt D0. This may therefore be repre-

sented by point (E0, D0) in plane (B, D).

Identifying situations in which debt is drifting

A study of dynamics shows that there is a critical boundary be-

tween trajectories of debt that drift indefinitely from their initial situ-

ations (E0, D0) and those that retain finite levels of debt in the future. 

This boundary is known as the saddle-point trajectory, the trajectory 

over which debt converges on its maximum value Dmax = Emax/r. In this 

instance, it is simple to express, since it is a straight line:

(r+l)(D-Dmax)-(E-Emax)=0

or (D-Dmax) = 1/(r+l)*(E-Emax) (straight line expressed as (PS)) (8)

Debt remains finite over time for all trajectories below this straight 

line (PS). For all those above the line, debt increases indefinitely, 

and therefore the state is insolvent (figure 1). The various trajecto-

ries are shown in the plane below
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Figure 1
Boundary between solvent  
and insolvent debt: saddle-point 
trajectory
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du point 
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1/r

Zone 3 : 
la dette tend 
vers l’infini

Zone 2 : 
la dette converge 
vers d*

Zone 1 : 
la dette ne cesse 
de se réduire

The economically relevant area is that for which E< Emax, i.e. the 

area to the left of the vertical axis passing through point (Emax, Dmax), 

since the state cannot increase its primary balance beyond Emax.

The plane may be broken down into three separate zones. Zone 

3 above the saddle-point trajectory represents all the starting points 

that lead to long-term infinite debt and which therefore cannot be 

restored to make the debt convergent.

The starting points below the saddle-point trajectory are those 

for which debt increases but simultaneously converges on a finite 

Zone 3:
debt tends 
to infinity

Zone 2:
debt converges 
on d*

Zone 1:
debt decreases
 constantly

Saddle-point 
trajectory (PS)
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value (Dmax = Emax/r) or for which debt constantly decreases over 

time before reaching 0. To distinguish between these two types of 

situation, a country’s starting point must be positioned in relation to 

another straight line, that by which debt does not vary over time, 

i.e. that where Dt – Dt-1 = 0. According to (4), this is the line of the 

plane defined by::

D = E / r (this is the line representing D
•

 = 0)  (9)

All trajectories below this line indicate that public debt will con-

stantly decrease over time: this is Zone 1 of the plane. In contrast, 

all trajectories above this line indicate that public debt is increasing 

over time and is converging toward Dmax if they are below the (PS) 

line. Therefore, the level of public debt only converges on value Dmax 

in the long term for starting points in Zone 2.

Consequently, the solvent debt area comprises starting points in 

Zones 1 and 2 and the insolvent debt area, by contrast, comprises 

starting points anywhere in Zone 3. From any given starting point, 

there are three possible results for the level of long-term debt: infi-

nite (and, in this case, the state is not solvent), converging on Dmax 

or constantly decreasing.

Impact of the speed of budget adjustment λ

It is remarkable that the level of long-term public debt is not depen-

dent on parameter λ reflecting management of public finances. So 

what is the impact of the speed of adjusting the budget balance 

expressed by λ? When λ is modified, the gradient of the saddle-point 

trajectory, which is 1/(r+ λ), changes, and the area of solvent starting 

points is increased or decreased.

If, for example, the state adjusts its primary balance more quickly, λ 

increases, the gradient of the (PS) line levels out and the trajectory of 
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the saddle point pivots toward the horizontal. As a result, the solvent 

debt area increases. With the same maximum primary surplus and 

the same interest rates, a country that is more rigorous in its budget 

management can therefore afford to have a higher level of initial debt. 

A country that decides upon and implements faster adjustments to 

its primary balance (i.e. one that increases its λ) is, by definition, a 

country that increases the area of its solvent trajectories and increas-

es the credibility of its budgetary policy. A budgetary policy whereby 

λ is increased significantly, i.e. whereby primary surplus is increased 

faster, should therefore be perceived by the bond market as reduc-

ing risk. Indeed, the bond market should take account of the ability 

of governments to generate a sufficient surplus to maintain debt in 

the solvency zone, and the risk premium should fall on the markets.

Impact of interest rates on solvency

The level of interest rates is vital for defining the area of solvent 

trajectories. Interest rates have two effects: firstly, when interest 

rates rise, the gradient of the saddle-point trajectory decreases, 

and this increases the area of solvent trajectories; and secondly, 

this reduces the level of long-term debt (Dmax= Emax/r) since Emax is 

defined, and therefore reduces the area of solvent trajectories. It is 

apparent that the latter effect takes precedence. It therefore comes 

as no surprise that a rise in interest rates reduces the stable zone.

A fall in the risk premium supports efforts made by the govern-

ments of countries in debt, which considerably expands the area 

of solvent debt.
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If GDP grows at a rate of g

Both public expenditure and revenue are highly dependent on the 

GDP level. Public expenditure, for example, increases with demo-

graphics and therefore with GDP. Tax revenue also increases with 

economic activity and therefore with GDP. Where GDP is no lon-

ger constant but growing, the constraint of solvency must be re-

phrased in relative terms whereby budget values and public debt are 

expressed as a percentage of potential GDP to eliminate all types 

of impact that convey no structural change in spending or revenue.

The dynamic debt equation is as follows:

t
tt

t e
g

d
r

g
d

d −
+

=
+

− −−

11
11

where d represents the ratio of public debt to GDP (public debt 

ratio), e is primary surplus in relation to GDP and g is the actual 

growth rate of GDP. By rearranging the terms and switching to con-

tinuous time, it is possible to arrive at an equation showing public 

debt dynamics as a proportion of GDP d:

ed
g
gr

d −
+
−=

1

•

 (4’)

This is equivalent to equation (4) from the previous section where-

by nominal GDP was constant. The difference lies in the presence 

of g: the growth rate of nominal GDP reduces the debt-GDP ratio.

If e* is the maximum sustainable primary budget surplus in pro-

portion to potential GDP, the dynamics of the primary balance in 

relation to GDP is expressed as follows:

)*( 11 −− −=− ttt eeee λ
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Or in continuous time:

)*( eee −= λ•  (5’)

This is equivalent to equation (5) whereby nominal GDP was 

constant. Indeed, the type of equation does not change in this in-

stance, and g is not incorporated.

It is a dynamic system based on relative variables (d, e) similar to 

that examined above using absolute values. It furthermore incorpo-

rates long-term growth of nominal GDP.

As in the previous section, long-term stability, where it exists, 

is given by equations (4’) and (5’), where e = 0 and d = 0 (pri-

mary balance and public debt, both in proportion to GDP, no longer 

change and remain at their stable level). Long-term stability values 

are therefore e* and d*, defined by:

*
1

* e
gr
g

dd
−
+== (6’)

e = e* (7’)

The critical trajectory separating solvent debt from insolvent debt is 

still given by the saddle-point trajectory, which takes the following form:

*)(

1

1
* ee

g
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dd −
+

+
−

=−
λ       (8’)

This line is shown as (PS).

In general, g, the GDP growth rate expressed as a percentage, 

is very small when shown as a fraction of 1. It does not exceed 5% 

or 0.05 for European economies and most developed economies. 

Therefore, 1+g ≈ 1 and equations (6’) and (8’) can be approximated 

by the following equations:
1

** e
gr

dd
−
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1
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These are identical to equations (6) and (8), where the interest 

rate is a reduced interest rate for long-term nominal GDP growth g: 

r has been replaced by r-g, which we shall refer to as the reduced 

cost of debt. Based on the above, we know that a fall in interest 

rates increases the area of solvent trajectories. Therefore, where 

there is growth in nominal GDP, it is possible to accept higher initial 

levels of debt in proportion to GDP. Indeed, the zone of sustainable 

debt increases in proportion to g. Economies with higher long-term 

nominal GDP growth rates, due to either higher potential volumes of 

growth or higher long-term inflation, can afford a higher level of debt.

Finally, line (d = 0), where public debt in proportion to GDP does 

not vary, is defined by:

e
gr
g

d
−
+= 1

Based on the fundamental characteristics of a country (e*, g, λ, r), 

it is possible, as in the previous section, to divide the area showing 

budget positions, which are determined by the level of the country’s 

primary balance and its public debt in proportion to GDP, between 

those where debt as a proportion of GDP drifts infinitely and those 

where no drift occurs.

The lines showing the saddle-point trajectory (PS) and constant 

public debt in proportion to GDP (d• = 0) divide the budget positions 

plane (e, d) [primary surplus and public debt in proportion to GDP] into 

three zones, whereby the economically significant area of the plane is 

that where e ≤ e*, because a country cannot generate a primary bal-

ance higher than e*. Zone 1 is where public debt is falling constantly; 

this is the zone below the line (d• = 0). Zone 2 is where public debt 

in proportion to GDP increases and converges on its stable level d*; 

this is the part of the plane between line (d• = 0) and the saddle-point 
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trajectory line (PS). Finally, Zone 3 is where public debt increases in-

definitely; this is the part of the plane above the (PS) line.

Figure 2
dettes solvables et insolvables 
(en % du PIB potentiel)
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The gradient of the saddle-point trajectory (PS) is a decreasing 

function of λ, and the reduced cost of debt r-g (replacing debt cost 

threshold r in the model from the previous section in absolute terms). 
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to infinity

Zone 2:
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However, we know that the area of solvent positions grows when 

the cost of debt falls. Therefore, states can increase their solvency 

by providing solid arguments for their potential growth.

Figure 2 shows a distinction in the area (primary surplus, public 

debt, expressed in proportion to potential GDP) between solvent po-

sitions (Zones 1 and 2) and insolvent positions (Zone 3), separated 

by the solvency boundary defined by the saddle-point trajectory (PS).

As in instances where GDP is stationary, the solvent debt zone in-

creases when λ increases, when e* increases or when r decreases. 

It also increases with g.

•4 Using the model: calculating 
the primary surplus a state must achieve  
to remain solvent

The various zones are determined by countries’ defining factors (g, 

e*, λ) and by the level of interest rates r. Therefore, if the parameters 

defining a state (g, e*, λ) and its cost of finance r are known, we can 

determine its solvency by plotting its budget position, determined 

by its primary structural surplus and public debt in 2010 (both in 

proportion to GDP), in the plane.

The cost of debt used in the model is the ten-year rate for state 

bonds or the ‘aided’ financing costs for countries receiving interna-

tional/European aid. Therefore, the only prerequisite for analysing 

solvency is to determine a state’s defining characteristics (g, e*, λ). 

Parameters g and λ can be determined easily. Readers interested in 

the methods used can read about them in the relevant text boxes. 

In contrast, it is much more difficult to estimate the maximum pri-

mary surplus that a country is able to generate.



182

The sovere ign debt cr is is  in  the eurozone

Exper t ises Issue No. 8

Therefore, we will use our model in a different way by calculating 

the primary balance a country must generate to stabilise its long-

term debt based on an initial budget position (e0, d0).

d0-d* = 1/((r-g)/(1+g) + λ)*(e0-e*)

Furthermore, e* and d* are also connected by the following equa-

tion:

*
1

* e
gr
g

d
−
+=

This gives two equations with two unknowns (e*, d*).

This is expressed as:

λ
λ 1

**)
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* 00 ed
g
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* d
g
gr
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−=

In conclusion, based on a given budget position (e0, d0), the coun-

try’s maximum primary surplus must be greater than e* if it wishes to 

remain solvent, or, in other words, the country must simply be able to 

generate a primary balance greater than or equal to e*. In this case, 

its public debt will converge on d*. In contrast, if the country is unable 

to achieve this primary balance target, its public debt will drift infinitely 

and the country is not solvent.

Two final observations should be made. Since this is a structural 

analysis, it is clearly essential to take account of the structural primary 

balance and not just the primary balance, which is affected by the 

position of the economy in its business cycle.

Indeed, although the budget balance improves automatically in pe-

riods of recovery and worsens in periods of recession, these fluctua-

tions do not reflect the budgetary policy pursued by a state. Indeed, 

in times of recession, revenue is lower due to a fall in tax revenue, and 
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spending is higher as a result of social protection. The primary struc-

tural balance that corrects the effects of this cycle is therefore the most 

relevant benchmark for providing an analysis of a state’s solvency.

Finally, even if a country’s debt eventually shifts toward a finite value 

d* (i.e. if its budget position is in Zone 2), it is not necessarily solvent. 

Indeed, if the long-term finite level d* on which its debt converges is 

not covered by the sum of its assets, the state is virtually bankrupt. We 

will not address this issue, and will take the view that the convergence 

of public debt on a finite level is sufficient to reassure investors and 

prevent developed states from defaulting.
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2 Underlying  
budget balance 
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Graph
Spain 

Graph
Ireland
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Graph
Belgium

Graph
Portugal
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